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We establish a correspondence between the split property of inclusions A c B or 
von Neumann algebras and nuclearity properties of the natural embeddings 
4,: L’(A) --t L”(B), p = 1, 2, given by the modular theory. (‘ 1990 Acadamc Press, Inc 
INTRODUCTION 
Von Neumann algebras provide an extension of classical integration 
theory recovering the latter in the abelian case. According to this view a 
von Neumann algebra M is regarded as a non-commutative L”-space and 
the corresponding Lp spaces are defined with the help of the modular 
theory (see [l, 7, 17, 183). 
When M acts on a Hilbert space ti with a cyclic and separating vector 
Q, the special cases 
L”(M)= M, L*(M) = 2, L’(M)= M, 
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are of particular interest. The following embeddings are naturally 
associated with 0: 
x E L”(M) 
41 





A1’4xs2 E L’(M) 
Here A, J are the modular operator and conjugation, respectively, 
associated with A4 and Q. The maps 4 are completely positive and normal. 
4; is the transpose of CJ~~, and q4i s its own transpose. In the present paper 
we will consider the analogues of certain pseudointegral operators within 
this non-commutative setting. In the abelian case these are of the form 
4: L”(X cl) + LP( K VI, p=l,2 
Here (X, p) and (Y, v) are standard measure spaces, o is a Bore1 
measure on Xx Y which projects onto ,D and v along the coordinates, and 
the formal integral means that we are disintegrating o with respect o v and 
integrating on each fiber [2]. Within this context it is a standard problem 
to deduce absolute continuity properties of o with respect to ,u x v from 
properties of the embeddings 4. 
In the non-commutative setting we are led to the following generaliza- 
tion of this structure. Given an inclusion of von Neumann algebras A c B 
and a cyclic separating vector Sz for B, we consider the embeddings 
L”(A) 81 L’(B) 
4 / 
L’(B) 
resulting from the restriction to A of the natural embeddings associated 
with B, 51. It is not difficult to see that these maps are the building blocks 
of any completely positive normal map L”(A) + Lp(B), p = 1, 2. Our main 
aim is to relate the split property of A c B (existence of an intermediate 
type I factor) to nuclearity and compactness properties of these embeddings 
(which in the abelian case reduces to the absolute continuity of o with 
respect to p x v). 
Based on a number of simple observations we shall prove that the inclu- 
sion of factors A c B is split if dP: L”(A) -P LP(B) is nuclear and only if q5P 
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is compact (p = 1, 2). If this holds, we have in fact that 4, is nuclear for a 
dense set of vectors Q and compact for all. 
A complete characterization of split inclusions A c B is also possible by 
an extendibility property of 4,; this more abstract criterion is, however, 
less useful for applications. 
At this point we would like to mention that our investigations were 
motivated by the desire to understand better the net structure of the 
algebras of observables appearing in relativistic quantum field theory. We 
shortly point out that when dealing with a net 0 c R4 -+ .&(O) of von 
Neumann algebras representing observables in the space-time regions 0, 
the nuclearity of the maps 4, associated with any inclusion .d(O,) c 
Cd(Oz) and the vacuum state Sz implies the split property with all its 
physical consequences [ 5, 131. 
Since the exponent $ of the operators A”4 in our nuclearity condition has 
no particular physical significance we shall also give a version in terms of 
the operator A”, E E (0, 4). In the latter form the analogy of our condition 
with a criterion in terms of the Hamiltonian, proposed by Buchholz and 
Wichmann [6], is more apparent. 
In a forthcoming paper [4] we will show that the Buchholz-Wichmann 
criterion in fact follows from a quantitative version of our condition involv- 
ing the nuclear norm of the relevant maps. Moreover, the present results 
will enable us to show that any quantum field theory having the split 
property satisfies the Haag-Swieca compactness criterion [16]. We will 
also prove in [4] that our condition is satisfied in a free field theory. 
In conclusion we mention that our results could be formulated in terms 
of more general maps between non-commutative Lp spaces, p E [ 1, x]; we 
restrict ourselves in this paper to the special cases p = 1, 2, cx: both for 
simplicity and for direct physical applications. 
1. EXTENDIBLE EMBEDDINGS AND THE SPLIT PROPERTY 
Let M be a von Neumann algebra and w a faithful normal state of M. 
Without further mention we shall assume that von Neumann algebras have 
separable preduals. We shall denote by 
4, = dp,co : M -+ LP( M) (P’l, 2) 
the natural embeddings given by 
41(-x) = (.Q, JXJ-J), x E M 
&(x) = A1’4xQ, .YE M, 
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where 52 is the vector representative of w in L*(M)+ and J, A are the 
corresponding modular conjugation and modular operator. 
It is easily seen that the dP’s have norm one and are completely positive 
and normal: for example, the inequality 
IJA”4xQ112 =(A “4xQ, A”4xQ) = (A”2xQ, xQ) 
= (Jx*Q XQ) < llx*Qll IlxQll 6 ;(IIx*Ql12 + IIXQII 2 
shows that d2 is o-*strongly continuous when L2(M) is endowed with the 
norm topology. 
With N a von Neumann algebra, we shall say that a completely positive 
normal map 
is extendible if whenever fl is a von Neumann algebra (with separable 
predual) containing N, there exists a completely positive normal map 
6 fl-+ LP(M) that extends 4: 
I 
‘\ ‘1 i\ 
N+ LP(M) 
For the sake of simplicity we state the next proposition for factors. In the 
last section we shall include comments on the non-factor case. 
1.1. PROPOSITION. Let A c B an inclusion of factors and CO a faithful 
normal state of B. The following statements are equivalent: 
(i) the restriction to A of the embedding 4, : B + L’(B) is extendible, 
(ii) the restriction to A of the embedding d2: B-, L2(B) is extendible, 
(iii) A c B is a split inclusion. 
Before giving the proof of this proposition we note that any completely 
positive normal map 4: M+ L’(N), with M, N factors, gives rise to an 
M-N correspondence [9, 10, 221, i.e., a Hilbert space 2 where A4 and N 
act a-weakly continuously on the left and right, respectively. Indeed one 
merely has to form the state w on MO,,, N‘ (N” being the opposite 
algebra of N) given by 
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where 4’ + 4” is the natural antiisomorphism of N with N”, and to consider 
its GNS representation. (We will often denote by the same symbols both 
algebras and their images given by the correspondence.) 
Conversely any vector 52 in an M- N correspondence which is cyclic for 
the von Neumann algebra A4 v N generated by the images of A4 and N in 
B(X) determines a completely positive normal map 
qk M 4 L’(M), 
qqx, = (XL?, i-2.), XE M. 
These procedures are unique modulo unitary equivalence. 
If A c B is an inclusion of von Neumann algebras on a Hilbert space A 
and B is in a standard form on Z, then & is naturally an A-B corre- 
spondence, where B has the right action on X associated with the standard 
form (lb = Jsb*Js[, 5 E 2, b E B). 
It is clear that the inclusion A c B is split iff the A - B correspondence 
is regular (according to the terminology of [lo], the term coarse is also 
used in [22]). Using a terminology more natural in our framework we will 
say in these cases that the correspondence is split. If A and B are factors 
this simply means that A v B’ is naturally isomorphic to A @ B’ [ 121. 
Proof’ of Proposifion 1.1. (ii) j (i) We have a commutative diagram 
B 41 b L’(B) 
(1.1) 
L2(B) 
where 4; is the transpose map of b2, hence d,I A is extendble if 42 1 A is 
extendible. 
(i) + (iii) Let FX A be a type I factor and 4, : F-t L’(B) an exten- 
sion of 4, I A. Then 6, gives rise to an F- B correspondence which is 
obviously split (since F is of type I). The restriction of 6, to the original 
A - B correspondence is therefore split too. 
(iii)d(ii) If F is a type I factor such that A c Fc B, then #21 F
extends 42( A. Furthermore (identifying F with FBI) d21 F extends to 
F@ G, where G is a type I factor, because there exists a normal faithful 
conditional expectation F@ G + FBI. If A’ 3 A is a von Neumann algebra 
we can realize this inclusion within F@ G, i.e., A c A’ c F@ G (recall that 
2, was assumed to be separable). Hence #2 (A extends to A”. 1 
The above proposition provides a characterization of the split property 
which is, however, difficult to check. We shall therefore consider more 
applicable sufficient conditions. 
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2. NUCLEAR EMBEDDINGS AND THE SPLIT PROPERTY 
Recall that, given Banach spaces A’, Y, the projective tensor product 
X* 6 Y determines in a natural way a Banach subspace of B(X, Y), the 
space of nuclear mappings of X into Y [ 191, and that a map C$ EB(X, Y) 
is nuclear iff there exist sequences of elements fig X*, tin Y such that 
Ci llhll 114,ll < ~0 and 
d(x)= 1 fifi(X)Ti~ x E x. (2.1) 
The nuclear norm of ~5 is defined as the inlimum of CC Ilhfill /4i11 over all 
possible representations of 4 as in (2.1). 
The following simple lemma, based on an argument in [3], is 
particularly useful in this paper. 
2.1. LEMMA. Let 4: M + X be a nuclear map from a von Neumann 
algebra M into a Banach space X. If ++J is continuous from M, equipped with 
the *-strong topology, into X, equipped with the weak topology, then 4 can 
be expressed as 
where the f, are normal functionals of M, ti E X, and 1; )I f II lj(jll is 
arbitrarily close to the nuclear norm of qi. 
Proof, If 4 is expressed as in (2.1) and fi = f !“’ + f I”’ is the decomposi- 
tion off, into its normal and singular part, then c$(‘) = x f I”‘( .)c, = 0 (being 
normal and singular). Thus 4 = xj f I”‘( .)ti, and C II f f"'ll Il(J Q 
C llfill lItill. I 
In the following X’ is an infinite dimensional separable Hilbert space and 
we denote by Lp(Z), p 2 1, the Schatten ideals of B(Z), i.e., TE Lp(Z) if 
1 T( p is nuclear (trace class). 
2.2. LEMMA. Let M be a von Neumann algebra and 4: M -+ Lp(A?), 
p > 1, a completely positive normal map. Then there exists a normal represen- 
tation 7~ of M in B(x) and TE L2p(#), such that 
d(x) = T*n(x) T, XEM. 
In particular 4 is a compact operator. Moreover if TE L’(S), then 4 is 
nuclear. 
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Proqf Assume first p = 1. Then 4 determines a normal state ‘11 of 
M@ B(X) (since L’(X)* = B(.%?)). Changing the representation, if 
necessary, we may assume that M acts on 2 with infinite multiplicity. We 
identify X @ 2 with L’(X), thus M acts by left multiplication and B(X ) 
by right multiplication on L2(X). The state w is given, because of the 
infinite multiplicity, by a vector TEL’(X)), that is, 
&x)(y) = (x7), T) 
= Tr( T*xTy), XEM, I’E f?(,#) 
and therefore d(x) = T*xT. 
If T,, is a sequence of finite rank operators and /IT,, - TII, -+ 0 then 
4,,(x) = T,T.yT,,, x E M, defines a finite rank map of M into L’(Z) and 
lid,, - 411 + 0, hence Q is compact. 
To see that $ is nuclear if TE L’(X), notice that by polar decomposition 
of T it suffices to consider the case where T is positive. Let T= xi I., E, be 
a (spectral) resolution of T, where Ei are orthogonal one dimensional 
projections. Then 
where ji, are elements in the unit ball of M, and V,, is a partial isometry 
with initial projection Ej and final projection E,. This shows, since the 
sequence 2, >, 0 is summable, that 4 is nuclear. 
To treat the case p > 1 we choose a positive non-singular operator 
SE L’(X) and consider the completely positive map 
Then 4~ Onq5: M+ L’(X) is completely positive and normal. Let 
To E L’(H) be an operator as above such that S&x),!?= d(x) = T,:n(x) T,, 
then it follows that 
d(x)=S-‘T,*n(x)ToS-’ 
on the domain of S ‘. The operator To S ’ is densely defined and bounded 
because S ~ ‘T,* T,S- ’ = $( 1) E L”(X). Denoting by T its closure, we see 
that TE Lzp(.F), which completes the proof of the lemma. 1 
Remark 1. Let o be a normal state of M v N, for a given M--N corre- 
spondence. The nuclearity of the map d,,,: s E M -+ w(x. ) E L’(N) simply 
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means, by using Lemma 2.1, that there exist sequences di E M,, ll/; E N, 
such that 
and C 114J ll$J < 00. Thus w is given by the state C #i@$i of M@ N. 
2.3. PROPOSITION. Let A c B he an inclusion of factors, w a faithful 
normal state of B, and 4,: A + LP(B) (p = 1, 2) the natural embedding. Then 
9, I A nuclear =S 4, I ,, extendible =z. 1+4, I A compact. 
Proof By the commutativity of the diagram (l.l), 4, IA is nuclear if 
C& 1 A is nuclear. Assume then that 4, I A is nuclear. By Lemma 2.1 
dl(a)=Cfi(a)sjy aEA, 
wherefiEL'(A), giEL’(B), and xi l/fill I(g,l) < co. Then 
is a normal state of A 0 B (see Remark 1). Therefore, if A’ 3 A is a von 
Neumann algebra, we can extend o to a normal state CT, of ,? @ B. The map 
is completely positive and normal and extends 4. Thus 4 is estendible. 
In view of Proposition 1.1 it only remains to show that, if A c B is split, 
then d21A (and consequently 4, IA) is compact. Let F be a type I factor 





where + and T are defined in an obvious way. By Lemma 2.2, $ is 
compact; by the subsequent Lemma 2.4, T is bounded, therefore & 1 A is 
compact. 1 
2.4. LEMMA. Let A c B be an inclusion of von Neumann algebras 
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and 52 a cyclic and separating vector for B. The natural embedding 
T: L2(,4) --+ L’(B) 
T. A ‘~4aQ + A 1/4aQ . A R ’ aeA 
is a contraction. 
Proqf: We follow a standard interpolation procedure. Let A, be the 
space of all aE A with compact spectrum with respect to the modular 
group of A, D and put 9 E A,,Q. For 0 < CI < $ the operator A; maps L/ 
into itself, thus 
A”~c~,,Izc~ I:. 
A 4 “B 
We consider the operator 
T,-ABAA=, O,<Rezd$, 
which is densely defined on [AQ] with domain including 2. If ( E 9 we 
have 
where r= J,,, J,. Since 9 is invariant under A’: we have 
j/T,11 = lIA;T,A,“jl < 1 
II T , 2+,,1/ = IIA;T,12Aj “/I = IlA;f*A,“I/ < 1. 
If ye is a vector in a spectral subspace of log A, with compact support the 
function 
is entire and bounded on the strip 0 < Re z d $. 
By the above estimates we have 
IF(i IF($+ it)1 G 11~11 l/9/1, tER 
and by the three lines theorem 
IF(z)I s II511 Ilrlll, OdRezdi 
Hence ilT,lj < 1. 1 
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2.5. COROLLARY. Let A c B be an inclusion of factors, with Q a cyclic 
and separating vector for B, and denote by 
dp = 9,. C” : A + LP(B), p=1,2 
the embeddings associated with o = (.Q, Q). Then A c B is split tff ~+4,,~~ is 
nuclear for a dense set of cyclic and separating vectors 0. 
Proof: If 4p,co is nuclear for some vector Q, then A c B is split by 
Proposition 2.3. Conversely, assuming that A c B is split we will prove that 
q& (hence also q5,,w) is nuclear for certain vectors Q. With F an inter- 
mediate type I factor and o any normal faithful state of B, q52,c0 factors 
through L*(F): 
h, 
A - L*(B) 
A/ 
L’(F) 
where r,G = q& (,,, F depends only on w 1 F and T is the bounded embedding of 
L*(F) into Li(B). Thus q& is nuclear if + is nuclear. 
Since we may extend any normal faithful state of F to a normal faithful 
state of B, it is clearly enough to prove the corollary in the special case 
where A = B= F are type I factors. Then L2(F)= L*(X) and F= B(X) 
acts by left multiplications on the Hilbert-Schmidt operators. 
Now any positive, non-singular HI’* E L*(X) + corresponds to a cyclic 
and separating vector with modular operator given by 
A: X-t HXH-’ 
on its domain in L*(X). It follows that d2,w is given by 
4 *,(,,: X-r H”4XH’/4. 
If H’j4~ L’(2), then &,, is nuclear according to Lemma 2.2. Since 
L*(P) + is norm dense in L2(X’) + and every normal state has a positive 
vector representative, q& is nuclear for a dense set of states o. 1 
Remark 2. In the above corollary one may construct a dense set of 
cyclic separating vectors Q for both A and B (provided A is properly 
infinite [20]) such that d2: a E A + A$4 a Q is nuclear. 
In fact one can construct type I, factors F,, i= 1, . . . . 4, with F, c A c 
F2 c F3 c B c F4 and have each F, in a standard form (i.e., with infinite 
cornmutant) and F/ n F, + , infinite. To see this note that every vector Q 
which is cyclic and separating for F, and F4 is a fortiori cyclic and separating 
for A and B, and that every such vector giving rise to a nuclear embedding 
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of F2 -+ L2(Fd) will also give a nuclear embedding A -+ L’(B) by 
Lemma 2.4. By the unicity of the factor of type I r one can verify the existence 
of such vectors 52 in any model. For example, the vacuum state on the net of 
local observable algebras of a free massive field does have this property 
[6, 131. But once the existence of a single vector with the desired properties 
is known a dense set of vectors giving rise to nuclear embeddings as above 
may then be constructed analogously as in Corollary 2.5. 
Remark 3. By using arguments imilar to those given in this section one 
may also obtain the following characterization. The inclusion of factors 
A c B is split iff for some cyclic separating vectors Q for B and some 
non-zero projection e of B the map a E A + eaQ E L’(B) is nuclear. 
2.6. COROLLARY. Let A c B be an inclusion qf,factors und WE B, an)’ 
,faithful state. The inclusion A c B is split iff there exists a ,faithful stute 
CJYEB, such that w’( A is dominated hi, cu / A and the embedding 
q5,,, : A --f L”(B) (p = 1, 2) is nuclear. 
Proof: If o’ exists as above then A c B is split by Propositions 1.1 and 
2.3. Conversely let A c B be split and F be an intermediate type I factor: if 
o / F= Tr( T. ) with T a trace class operator relative to F we can choose an 
operator T’E F, T’6 T, such that T’ is non-singular and T”,4 is trace class 
relative to F. Define w’=Tr( T’.) on F and extend it to a faithful state 
o’ E B, . The embedding d,,, : A + Lp( F) (p = 1,2) is nuclear by Lemma 2.2 
hence the embedding d<,,,: A -+ L”(B) is also nuclear by Lemma 2.4. 1 
We show now that the compactness property is an intrinsic notion for an 
M-N correspondence. 
2.7. LEMMA. Let M he a von Neumann algebra on a Hilbert space ,#. 
With r E .8 a qsclic separating vector denote by q5: the natural map 
lshere A, is the modular operator of M, 5. Then 
for all qelic separating vectors <, 4’ E L’(M)+. In particular the map 5 + 4: 
is norm continuous. 
Proof Following [17] we realize X = L*(M) as a non-commutative L” 
space. Namely we identify 2 with the space of all r-measurable operators 
h affiliated with the crossed product N = Mx,~ R’ satisfying O,(h) = 
e “/*jSh. Here a< is the modular group of M, <, 0 is its dual action on N, 
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and r is the associated trace of N. In this realization the vector 4 
corresponds to the operator h:12qN and h’; implements a5 on M. 
Making use of the identifications in [ 171, one checks that 
d<(x) = A;‘4xt = h:‘4xh:‘4, XEM. 
Assuming 5’ E L2( M) + , we have 
llq5&x) - q5e,(x)ll2 = l(h;‘4xh;‘4 - h;!4xh:!41(2 
< Il(h;‘4 - h;!4) xh:‘4 + h;!4x(h;‘4 - h;!4)j/2 
< Ilh;‘4 -h:!4114 llxll llh:‘4114 
+ Ilh;!4114 llxll IIh;‘4--;:!4114 
= Ilh;‘4--;~41/4 llxll (llh;‘4/14+ llh:%,), 
where I(. Jl,, denotes the LP(M, <)-norm and we used the Banach 
M-bimodule property of L4 (see [ 17, 181). 
Since ((h:141(4 = llhk!4114 = 1 and 
llh;‘4-h;!4(14<2 Ilhr-h,.ll;‘4<4 ll&5’11:‘4 (see C21 I) 
we have 
IId, - &II d 8 IIt - 5’11 :‘4. 
The norm continuity of the map 5 + q4< now follows from the continuity 
of the module map in L2(M) [21]. B 
2.8. PROPOSITION. Let A c B be an inclusion of von Neumann algebras, 
Q some cyclic and separating vector for B, and w the state w = ( .sZ, Q). 
If4p.<o: A -+ LP(B) (p = 1, 2) is compact hen q5,,,,(p = 1, 2) is compact for 
all other faithful states w’ qf B. 
Proof. We consider first the case p = 2. 
If 5 E L*( B, Q) + is a cyclic vector dominated by R, then the map 
is bounded [ 1, 81, therefore the embedding A -+ L*(B) associated with 5 is 
also compact. Now every normal faithful state of B has a cyclic and 
separating representative in L2( B) + . Since the set of states dominated by 
w is norm dense in the normal state space of B, each d2,C,, is, by Lemma 2.7, 
the norm limit of compact mappings. Hence it is compact. 
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For the proof that the embedding 4,,ru: A + L’(B) is compact for all 
normal faithful states one makes use of the inequality 
lld,.w-4 I,,,, 111 d II(--) 
The rest of the argument is analogous to the reasoning before. u 
2.9. COROLLARY. A ,fuctor M with separable predual is qf type I (flfor 
some (hence ,for every) normal faithful state o of M, the embedding 
4 ,,,,,, : M -+ Lp( M) (p = 1, 2) is a compact operator. 
Proof: If M is type I, dp,‘,, is compact by Lemma 2.2. Conversely if M 
is not of type I we may consider a normal faithful state o’ such that the 
centralizer M”” is of type II, [ 111; hence it contains the hyperlinite factor 
R and one easily checks, by considering a Cartan subalgebra, that d,.,. 1 R 
is not compact, thus #,,,, is not compact. But this means, according to 
Proposition 2.8, that d,,c,l (and hence dr,(,,) cannot be compact. 1 
We conclude this section by pointing out that the embeddings 
dp: M -+ L”(N) that we have studied are essentially the most general com- 
pletely positive normal maps M -+ L”(N). This is clear when p = 1 by the 
comments following Proposition 1.1. The case p = 2 is obtained by the 
following proposition. 
2.10. PROPOSITION. Let M, N be properly infinite von Neumann algebras 
and 4: M + L’(N) a completely positive map such that t = (6( 1) is cyclic ,for 
N. Then there e.uists a normal representation p of’ M in N and an isometr?, 
r E N, such that 
d(x) = Afy4v*p(x)v~, 
wlhere A,,, is the modular operator qf N with respect to 5 = q5( 1). In particular 
d ,fhctors through N. 
Proaj: Note that since 5 E L’(N) is cyclic and positive it is also 
separating. Thus A, is well defined. 
Let 1): L*(N) -+ L’( N’) be the embedding given by {, 
then II/. 4: M--f L’(N’) is completely positive and normal, thus it 
corresponds to a binormal state w of MB,,,,, N’, 
w(x@y)=((lqx), A,““j7*i’), 
and therefore to a correspondence on a Hilbert space X”. We may assume 
.f = L2( N) (N has properly infinite cornmutant). Denote by p the action 
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of A4 on 2”. Since w is normal on p(M) v N’, it is given by a vector 
to E $9. We have for y E N’, 
(to, Y*t,) = W(Y) = (d( 1 L A i “4Y*r) 
= (5, W4y*t) = (5, Y*t). 
Therefore there exists an isometry v E N with v4 = to. 
Let &,: A4 -+ L’(N) be given by 
c&(x) = A~4v*p(x)v~, x E A4 
then we have 
(ti o do)(X)(Y) = (40(x), w4Y*t). 
= (A~v*p(x)v~, A,““y*t) 
= (v*P(x)vT, y*o 
= (P(X)d Y*d = (P(X)5,> Y*M 
= w(x@y*) = (4(x), A,“4y*5) 
therefore ~,4 = &. 1 
3. EXAMPLES 
In order to illustrate our conditions and results, let us consider first an 
M-N correspondence where A4 and N are abelian. 
If w is a faithful normal state of M v N we can identify M= L”(X, p), 
N = Loo( Y, v), and M v N= L”(Xx Y, w) for suitable measure spaces 
where the measure o projects onto p and v along the coordinates [23]. 
The associated completely positive map c$<,,: ,Cm(X, p) -+ L’( Y, v) has the 
form of an integral operator whose kernel is the measure CO, 
In this case the nuclearity of 4, turns out to be almost equivalent to the 
split property for M, N. More precisely, we have 
3.1. PROPOSITION. q5,, is nuclear $f w is absolutely continuous with 
respect to ,u x v and iff the M- N correspondence is contained in a split 
correspondence. 
NUCLEAR MAPS 247 
Proof: If w< p x v then d,,, is an integral operator with kernel in 
L’(Xx Y, p x v), showing that o is a normal state of A48 N which belongs 
to L’(M@N)= L’(M) 6 I,‘(N). Hence 
~=Cd,@+, (3.1 1 
with ~,EL’(M), $,EI.‘(N), and C Il4,Il 11$,11 < ‘Y;, and consequently 
d,,,(a) = c d,(a) ‘b,? UEM. 
From this we see that 4,, is nuclear. 
Conversely if 4,” is nuclear then o has the expansion (3.1) thus it is 
normal on MO N, i.e., w < fi x $1. It is also clear that w is normal on 
M@ N iff the original M - N correspondence comes from the GNS 
representation of M@ N induced by w. 1 
The above proposition has a natural generalization to the case where 
either M or N is abelian. But it fails to be true in general. 
Next we give an example showing that, in contrast to the condition of 
nuclearity, the compactness of the map 4, does in general not imply the 
split property. We consider only the L’ version; the L2 case is analogous. 
3.2. PROPOSITION. Let M, N be jhctors which are not of’ type I and huve 
separable preduals. There exists a non-split M-N correspondence such that 
,jor every normal,faithful state 52 of M v N the associated completely positive 
normal map q5,,: M + L’(N) is compact. 
ProoJ: Let M,, N, be von Neumann algebras isomorphic to 
L I- ( [0, 1 I). We first consider a positive normal linear map 
4,: M, + L’( N,) which is compact but not nuclear. (For a discussion of 
such maps cf. [ 143.) Since MO and No are abelian, 9, will be automatically 
completely positive. Next we embed MO c M and No c N with normal 
conditional expectations E, : M -+ M,, Ed: N -+ N,. 
These expectations exist because M and N, being properly infinite factors 
with separable predual, possess states with IT, centralizers [ 111. We then 
define the map 4 = E;. do .E,, which is normal, completely positive, and 
compact. The M-N correspondence obtained from 4 is not split, as is seen 
from Proposition 3.1. But since 4 is compact, the compactness of #,,, :
M-+ L’(N) for any normal faithful state CI> in this correspondence follows 
from Proposition 2.8. 1 
We are now ready to formulate our results in a form which is suitable 
for the physical applications [4]. We first recall that a subset Q of a 
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Banach space X is nuclear [ 151 if there exists a sequence f, in the algebraic 
dual of V (the linear span of Q) and unit vectors tieX, such that 
x = c h(X)5i, XEQ 
and 
If Q is convex and balanced this just means that the natural embedding 
V-+ X is nuclear, when V is equipped with the Minkowsky norm given 
by Q. 
If T: X-+ Y is a one-to-one linear operator between Banach spaces X, Y 
it is also easily seen that T is nuclear iff T maps the unit ball of X onto a 
nuclear subset of Y. 
3.3. THEOREM. Let A c B be an inclusion of factors. 
The following statements are equivalent. 
(i) A c B is a split inclusion; 
(ii) for some cyclic separating vector Q for B the set of functionals 
{(.aQ, aQ)IB’, ae A, II4 d l} 
is a nuclear set in B;; 
(iii) for some cyclic and separating vector Q for B the set of vectors 
{Arab, aEA, Ilull < I} 
is a nuclear set in the underlying Hilbert space. 
If the above conditions hold, then (ii) and (iii) hold for a dense set of 
vectors Q cyclic and separating for both A and B. Furthermore (ii) and (iii) 
hold for all cyclic and separating vectors Q when “nuclear” is weakened to 
“compact.” 
Proof By the above comments (ii) and (iii) are equivalent to the 
nuclearity of the embeddings of A into L’(B) and L’(B), respectively, thus 
the theorem is a consequence of Corollary 2.5, Proposition 2.8, and 
Remark 2. 1 
3.4. COROLLARY. Let A c B be an inclusion of factors and Q cyclic and 
separating vector for B. If AE,A,Q is a nuclear set for some E E (0, $), where 
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A, is the unit ball qf A, then A ;A, Q is a nuclear set for all t E [E, 5 - E], if 
I: < $ (or t E [ $ - E, E] if E > i). Hence the inclusion A c B is split. 
Proof. Let S, J, A = A, be the Tomita operators associated with B, Q. 
We have 
A”A,Q=A”SA,Q=Ad’:JA”A,Q 
= JA -“A 1:2/j Q = JA 1 : ‘.A Q 
I I 
showing that A ‘I2 ~ “A, Q is a nuclear set because J is antiunitary. Since for 
t as above A’6AL+A”2m’: we have A’= T(A”+A”‘~‘), where T is a 
bounded operator. The map q5* IA : a E A -+ A’af2 is thus the sum of two 
nuclear operators, hence it is itself nuclear. ! 
Remark 4. (The Non-factor Case). In the physical applications, the 
above result is also needed without the assumption that A, B are factors. 
Namely one wants to infer from the fact that AiA, Sz is a nuclear set for 
some E E (0, 4) that A c B is split. 
Without further information a straightforward generalization of 
Corollary 3.4 would only entail that the associated A-B correspondence is 
contained in a split one, namely there exists a normal homomorphism of 
A @B’ onto A v B’ carrying a @ b’ to ah’ (a E A, b’ E B’). However when 
dealing with a net of local algebras 0 + d(O) it follows by an argument 
in [3, p. 1291 that the respective homomorphisms corresponding to the 
algebras A = d(0,) c B = zZ( O,), where the closure of Or is contained in 
the interior of O,, are in fact isomorphisms. Hence any local net fulfilling 
the nuclearity condition in Corollary 3.4 has the split property. 
In view of possible physical applications we mention in conclusion two 
problems. 
(1) Given an inclusion of factors A c B and a cyclic separating vector 
Sz for B, characterize the geometric properties (“the shape”) of the set 
Ar A 1 52 that ensure the split property of A c B. 
(2) Let M,N be a commuting pair of factors; suppose that every pair 
M,, N, of abelian von Neumann subalgebras M, c M and N, c N gives 
rise to a split M,-N, correspondence. Is the M-N correspondence split? 
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Note added in prooJ: The second part of this paper [S] contains a correspondence between 
quantitative nuclearity properties of 4, and &: 
4 order(&) < order(4,) < order(dJ. 
In particular 4, is compact (resp. of type s) iff the same holds for b2. In Quantum Field 
Theory a quantitative version of the energy nuclearity [6] turns out to be equivalent to a 
quantitative form of the modular nuclearity discussed here. 
REFERENCES 
1. H. ARAKI AND T. MASUDA, Positive cones and LP spaces for von Neumann algebras, Publ. 
Res. Inst. Math. Sci. 18 (1982), 330. 
2. N. BOURBAKI, “Elements de Mathematique,” Livre VI, Chap. 6, Actualitts Scientiliques et 
Industrielles, Vol. 1281, Hermann, Paris, 1959. 
3. D. BUCHHOLZ, C. DANTONI AND K. FREDENHAGEN, The universal structure of local 
algebras, Comm. Math. Phys. 111 (1987), 123. 
4. D. BUCHHOLZ, C. DANTONI, AND R. LONGO, Nuclear maps and modular structures. II. 
Applications to Quantum Field Theory, Comm. Math. Phys. (to appear). 
5. D. BUCHHOLZ, S. DOPLICHER, AND R. LONGO, On Noether’s theorem in quantum field 
theory, Ann. of Phys. 170 (l986), 1. 
6. D. BUCHHOLZ AND E. H. WICHMANN, Causal independence and the energy level density 
of states in local quantum field theory, Comm. Ma/h. Phys. 106 (1986), 321. 
7. A. CONNES, On the spatial theory of von Neumann algebras, J. Funcr. Anal. 35 (1980), 
153. 
8. A. CONNES, Caracterisation des espaces vectoriels ordonnts sous-jacents aux algtbres de 
von Neumann, Ann. Inst. Fourier (Grenoble) 24 (1974) 4. 
9. A. CONNES, Classification des facteurs, Proc. Sympos. Pure Math. 38, Part 2 (1982) 43. 
10. A. CONNES AND V. JONES, Property T for von Neumann algebras, Bull. London Math. Sot. 
17 (1985), 57. 
1 I. A. CONNES AND E. STORMER, Homogeneity of the state space of factors of type III,, 
J. Funct. Anal. 28 (l978), 187. 
12. C. D’ANTONI AND R. LONCO, Interpolation by type I factors and the flip automorphism, 
J. Funct. Anal. 51 (1983), 361. 
13. S. DOPLICHER AND R. LONGO, Standard and split inclusions of von Neumann algebras, 
Invent. Math. 75 (1984), 493. 
14. D. H. FREMLIN, A positive compact operator, Manuscripta Math. 15 (1975), 323. 
15. A. GROTHENDIECK, Produits tensoriels topologiques et espaces nucltaires, Mem. Amer. 
Math. Sot. 16 (1955), 1. 
16. R. HAAG AND J. A. SWIECA, When does a quantum field theory describe particles? Comm. 
Math. Phys. 45 (1965), 35. 
17. U. HAAGERUP, Lp spaces associated with arbitrary von Neumann algebra, Colloq. 
Internat. CNRS 274 (1979), 175. 
18. M. HILSUM, Les espaces Lp dune algebre de von Neumann, J. Funct. Anal. 40 (1981), 151. 
19. H. JARCHOW, “Locally Convex Spaces,” Teubner, Stuttgart, 1981. 
20. R. V. KADISON, Remarks on the type of von Neumann algebras of local observables in 
quantum field theory, J. Math. Phys. 4 (1963), 1511. 
21. H. KOSAKI, Applications of uniform convexity of non commutative Lp spaces, Trans. 
Amer. Math. Sot. 283 (1984), 265. 
22. S. POPA, Correspondences, preprint, INCREST, Bucharest, Romania, October 1986. 
23. M. TAKESAKI, “Theory of Operator Algebras I,” Springer-Verlag, New York/Heidelberg, 
1979. 
